The Pfaffian Property of Graphs and Related Problems by 林峰根
&:10384 on 6z : 19120080150454 UDC
T Z  K # PC PfaffiangIY:Q=
The Pfaffian Property of Graphs and Related Problems Z d0 E  R: &4Y5 
 - 9:   _ $qh F;: 20114 $q.F;: 20114 pYF;: 20114 



















Advisor: Professor Lianzhu Zhang
Speciality: Applied Mathematics
Institution: School of Mathematical Sciences
Xiamen University






























=T;F2 L*xOI'a..A-FSX L$QQ{G*^4jn,An! L$Q*g/9%F<T%x L$Q1(g4 4m+xnxHb5gv&v8/Fg4  L$Q(2U[[ L$QLxHb1














3Op; G = (V(G), E(G)) _:Æ3:Æ C q G +:Æ?}. V(G)\V(C) +" S3;℄:2da:Æz D q G+:Æ Pfaffianz}. G+0:ÆJ℄ZwÆ>9+?FJ℄pw)?+z+P+hz:3:ÆJ℄ Pfaffianz+3q Pfaffian3zW3+ PfaffianP.W. KasteleynAw M.E.
FisherE H.N.V. TemperleyHz4!Mf9S3m× nhS3+:2da~wT!℄N2~
:$3+:2daw+|}K_ NP-complete_&4:Æ3_ Pfaffian3I,BR TwVK	O(+:2daw
P.W. Kasteleyn#=0:Æf93F_ Pfaffian3W}\ TwVK	O :Æ Pfaffianz1:$3V.V. VaziraniE M.
Yannakakis#=&4R# TwVK	O!M Brace (2-- 2-\i3) E Brick (3--z$3) + PfaffianT!I,B℄^:$3+ Pfaffian+TwV











"m_s,|3+ Pfaffian6-zW3+ Pfaffian(%l\℄3 GpMgm C4-m P4Aw\m P3+1QZxp3+:2daw
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SupposeG = (V(G), E(G)) is a graph. A cycleC is a nice cycle ofG iff
the induced subgraph ofV(G)\V(C) has a perfect matching. An orientation of
G is Pfaffian iff every nice cycleC with even vertices has odd number of edges
directed in the direction of traversal aroundC. A graph is Pfaffian if it has
a Pfaffian orientation. Using the Pfaffian property of graphs, P.W. Kasteleyn,
M.E. Fisher and H.N.V. Temperley counted the number of perfect matchings
of planar quadratic lattice graphs. In fact, for general graphs, the problem of
counting the number of perfect matchings is NP-complete. Thimportance of
Pfaffian property of graphs stems from the fact that it has a polynomial time
algorithm to count the number of perfect matchings of Pfaffian graphs.
P.W. Kasteleyn proved that every planar graph has a Pfaffian orientation,
and such an orientation can be constructed in polynomial time. V.V. Vazirani
and M. Yannakakis pointed out that to show whether or not there is a poly-
nomial algorithm to distinguish Pfaffian graphs, we only need to consider the
graphs which are bricks and braces. In 1975, C.H.C. Little characterized the
structure of Pfaffian bipartite graphs. In 1999, N. Robertson, P.D. Seymour, R.
Thomas designed a polynomial time algorithm to distinguishPfaffian bipartite
graphs. On the other hand, the complexity of distinguishingPfaffian bricks
remains an intriguing open problem.
The contents of this thesis consist of operations effecting Pfaffian prop-
erty of graphs, application of Pfaffian property in enumerating the number of
perfect matchings of graphs, characterization of Pfaffian defect 1-extendable
bipartite graphs, and properties of minimal bricks. It is partitioned into five
chapters.
In Chapter 1, we introduce the background of Pfaffian orientations, known
results, and related problems.
In Chapter 2, we research some operations on graphs and examine that
whether they preserve the Pfaffi n property of graphs or not. There are opera-
















of a vertex into a wheel; Cartesian product of graphs.
In Chapter 3, using Pfaffian method, we obtain explicit formulas to enu-
merate the number of perfect matchings ofC4 ×G, P4 ×G andP3 ×G, where
G is a non-bipartite graph with a unique cycle. Denote the number of perfect
matchings of a graph byφ, and we have




(2) φ(P4 ×G) =
∏
λ∈λ∗(−→G)
(1− 3λ2 + λ4);




(2− λ2) andφ(C4 ×G) = (φ(P3 ×G))2,
where
−→
G is an arbitrary orientation ofG, λ(
−→









In Chapter 4, we firstly define and characterize Pfaffian defect 1-extendable
bipartite graphs. A graphG is a Pfaffian defect 1-extendable bipartite graph if
and only if there exists an orientation ofG in which every nice 2-path is di-
rected; if and only ifG is a Hungarian tree with|V(G)|−12 inner vertices.
In Chapter 5, we prove that every minimal brickG either has at least four
cubic vertices, or there exists a minimal brickH with |V(H)| < |V(G)| such
thatG has more cubic vertices thanH. Using this property, we confirm the S.
Norine and R. Thomas’s conjecture that every minimal brick has at least four
cubic vertices.
Keywords: Pfaffian graph; Pfaffian operation; Perfect matching; Pafffi n
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